Predicting the usefulness of crosses in terms of expected genetic gain and genetic diversity is of interest to secure performance in the progeny and to maintain long-term genetic gain in plant breeding. A wide range of crossing schemes are possible including large biparental crosses, backcrosses, four-way crosses, and synthetic populations. In silico progeny simulations together with genome-based prediction of quantitative traits can be used to guide mating decisions. However, the large number of multi-parental combinations can hinder the use of simulations in practice. Analytical solutions have been proposed recently to predict the distribution of a quantitative trait in the progeny of biparental crosses using information of recombination frequency and linkage disequilibrium between loci. Here, we extend this approach to obtain the progeny distribution of more complex crosses including two to four parents. Considering agronomic traits and parental genome contribution as jointly multivariate normally distributed traits, the usefulness criterion parental contribution (UCPC) enables to (i) evaluate the expected genetic gain for agronomic traits, and at the same time (ii) evaluate parental genome contributions to the selected fraction of progeny. We validate and illustrate UCPC in the context of multiple allele introgression from a donor into one or several elite recipients in maize (Zea mays L.). Recommendations regarding the interest of two-way, threeway, and backcrosses were derived depending on the donor performance. We believe that the computationally efficient UCPC approach can be useful for mate selection and allocation in many plant and animal breeding contexts. 126 4 parental alleles at QTLs, the 4 -dimensional vector defining the genotype of parent and 127 a p-dimensional vector of zeros. 128 We first concentrate on doubled haploid (DH) lines derived from the 1′ generation (DH-1), 129 and then extend our work to DH lines generated after more selfing generations from the 1′ 130 and to recombinant inbred lines (RILs) at different selfing generations, i.e. partially 131 heterozygous progeny. Absence of selection is assumed while deriving the progeny from 132 generation 1′. In case of DH-1, we denote the ( x 4 )-dimensional genotyping matrix of 133 progeny derived from a four-way cross (Figure 2 ) in a multi-allelic context as: 134
INTRODUCTION 1
Allocation of resources is a key factor of success in plant and animal breeding. At each 2 selection cycle, breeders are facing the choice of crosses to generate the genetic variation on 3 which selection will act at the next generation. In case of limited genetic variation for targeted have not been extended so far to multi-parental crosses, hindering the prediction of the interest 48 of such crosses. 49 While the expected genetic gain (UC) is a meaningful measure of the interest of a cross for 50 breeding, it does not account for the parental genome contributions to the selected fraction of 51 progeny that determine the genetic diversity in the next generation. Parental genome 52 contribution to unselected progeny has been studied for several years and is of specific interest 53 in breeding for donor introduction and to manage long term genetic gain and inbreeding rate 54 (Hill 1993; Bijma 2000; Woolliams et al. 2015) . Hill (1993) derived the variance of the non-55 recurrent parent genome contribution to heterozygous backcross individuals in cattle. Wang 56 and Bernardo (2000) formulated the variance of parental genome contribution to F2 and 57 backcross plant progeny considering a finite number of loci. Frisch and Melchinger (2007) 58 extended this approach to a continuous integration over loci and showed that a normal 59 distribution approximated well parental genome contribution obtained from computer 60 simulations. Also empirical data on pairs of human full-sibs confirmed that parental genome 61 contributions, i.e. additive relationship, can be considered as normally distributed around the 62 expected value of 0.5 (Visscher et al. 2006; Visscher 2009 ). All these studies considered the 63 parental genome contribution distribution in unselected progeny. However, to control parental 64 contribution during polygenic traits introgression, it is of interest to predict parental genome 65 contribution after selection for quantitative traits. 66 In this study, we develop a multivariate approach called usefulness criterion parental 67 contribution (UCPC) to evaluate the interest of a multi-parental cross implying a donor line and 68 one or several elite recipients based on the expected genetic gain (UC) and the diversity 69 (parental contributions, PC) in the selected progeny. We extend here the rational given by 70 Lehermeier et al. (2017b) for two important aspects. We address the prediction of progeny 71 variance for multi-parental crosses implying two to four parents and we consider the parental 72 contribution as an additional quantitative trait. The originality of this approach is that it uses 73 derivations of the prediction of progeny variance in multi-parental crosses implying up to four 74 parents to jointly predict (i) the performance of the next generation using the usefulness 75 criterion and (ii) the parental contributions to the selected fraction of progeny, which to our 76 knowledge has not been investigated so far. We illustrate the use of UCPC in the context of 77 external genetic resources introgression into elite material considering the specific case of a 78 unique donor that is crossed to one or several elite recipients. We address the type of multi-79 parental cross that should be preferred among two-way crosses, three-way crosses or 80 backcrosses in order to maximize genetic gain while introgressing donor alleles in the elite 81 population within one selection cycle. 82 
MATERIALS AND METHODS

83
Application example: breeding context 84 We assumed a generic plant breeding population of fully homozygote inbred lines 85 genotyped for biallelic single nucleotide polymorphism (SNP) markers with known positions. 86 We considered a quantitative agronomic trait (e.g. grain yield) implying QTLs with known 87 additive effects and with positions sampled among the SNP marker positions. Further, we 88 considered that the breeding population is an elite population that should be enriched with 89 alleles from a donor. We assumed a donor line (D) has been identified and should be crossed 90 with lines from the elite population (e.g. E1 and E2) in order to obtain high-performing progeny 91 that combine donor favorable alleles in a performing elite background. This donor line can vary 92 in its performance level and its diversity relative to the elite population. 93 In this context, we aimed at evaluating the interest of two-way crosses (i.e. x 1 and x 2 ), 94 backcrosses (i.e. ( x 1 ) x 1 and ( x 2 ) x 2 ) or three-way crosses (i.e. ( x 1 ) x 2 and 95 ( x 2 ) x 1 ) based on (i) the mean performance of the selected progeny and (ii) the average 96 genome contribution of the donor to the selected progeny. Considering different donor 97 characteristics, i.e. originality and performance level, we compared the interest of the multi-98 parental crosses listed above in order to derive guidelines for the use of the donor . As a 99 benchmark, we also evaluated the interest of different elite multi-parental crosses.
100
Usefulness Criterion Parental Contribution 101
In order to predict the progeny distribution of a given cross in terms of expected genetic 102 gain and genetic diversity, we considered the agronomic trait and the parental genome 103 contribution as jointly multivariate normally distributed traits. This enabled us to (i) evaluate 104 the genetic gain of the selected progeny for the agronomic trait, and to (ii) evaluate the 105 contribution of each parental line to this selected progeny. An illustration of the concept of 106 UCPC is given in Figure 1 . In the following sections we present in more detail the theory 107 underlying UCPC in the general case of a four way cross. 109 To cover diverse types of crosses, we consider a general multi-parental cross implying 110 four fully homozygous parents ( 1 , 2 , 3 and 4 , Figure 2 ). Note that for this general 111 presentation of the theory, parents can be lines from the elite population and/or considered as 112 external donors. This four-way cross implies two initial crosses giving generations 1
108
Multi-parental crosses and genetic model
(1) and 113 1
(2) , respectively ( Figure 2 ). A second cross between 1 (1) and 1 The progeny variance can be derived as:
where is the ( see File S1 for derivation). In the specific case considered, i.e. doubled haploid lines derived 173 from generation 1′ (DH-1), this leads to the covariance entry: 188 Indirect response to selection for parental contributions 189 We aim at predicting the full multivariate progeny distribution (mean, variance and 190 pairwise covariances) for the agronomic trait, 1 genome-wide contribution ( ) and 1 191 contribution at favorable alleles ( (+)). Therefore, we consider all three traits in the (4 x 3)-192 dimensional multi-trait effect matrix ( (+) ). Similarly as for one trait, the mean 193 performance ( (0) ) and mean genome-wide contribution of 1 in progeny before selection ( (0) ) 194 are derived as the mean of all four parents' breeding values for each trait [Eq. 1]. As expected,
195
(0) = 0.25 for four-way, three-way and backcrosses and (0) = 0.5 for two-way crosses.
196
Progeny variances for all three traits are estimated using Eq. 2 and pairwise covariances in 197 progeny are estimated as:
Progeny means and (co)-variances before selection can be used to estimate the expected 201 response to selection on multiple traits. For this purpose, we used the Usefulness Criterion 202 (Schnell and Utz 1975) in a multi-trait approach as illustrated in Figure 1 . Assuming an intra-203 family selection of the progeny with the highest values for the agronomic trait with a selection 204 intensity and a selection accuracy of one ( Figure 1A) , the expected mean performance after 205 selection ( ) is defined as the usefulness criterion of the cross:
The correlated response to selection on 1 genome-wide contribution ( ( ) ) and 1 208 contribution at favorable alleles ( (+) ( ) ) are (Falconer and Mackay 1996) : 
The contribution of 1 at unfavorable alleles after selection can be derived as: Figure 1C illustrates, in the case of a two-way cross ( 1 x 2 ), the indirect response to selection 213 on 1 genome-wide contribution ( ( ) ) depending on the covariance , that is mainly driven 214 by the difference of performance between 1 and 2 .
215
Simulation experiments 216 We performed two simulation experiments. The aim of the simulation experiment 1 was 217 the validation of the presented formulas for the moments of the distribution of progeny from 218 four-way crosses. In simulation experiment 2, we investigated different crossing schemes (two-219 way, three-way and backcrosses) in terms of genetic gain and donor contribution.
220
Genetic material 221 We considered 57 Iodent inbred lines from the Amaizing Dent panel (Rio et al. 2018) .
222
Iodent defines a heterotic group that has been derived 50 to 70 years ago and that is commonly 223 used in maize breeding (Troyer 1999; Van Inghelandt et al. 2012) . In the following we refer to QTLs was randomly sampled among the 43,373 SNP markers across the genome to generate 236 the agronomic trait. We also considered the first parent (i.e. 1 ) contributions: genome-wide 237 ( ) and at favorable alleles ( (+)). On one hand, we used algebraic formulas to predict the 238 mean and (co)-variances for trait and contributions before selection within each cross 239 (derivation). On the other hand, 50,000 DH or RIL progeny genotypes were simulated per cross 240 at every selfing generation and the empirical mean and (co)-variances before selection were 241 estimated (in silico). For in silico simulations, crossover positions were determined using 242 recombination rates obtained with Haldane's function (Haldane 1919) . The correlated response 243 to selection on 1 contributions after selecting the 5% upper fraction of progeny for the 244 agronomic trait were either predicted using UCPC (derivation) or estimated after a threshold 245 selection (in silico). The correspondence between predictors was assessed by the squared linear 246 correlation and the mean squared difference between predicted (derivation) and empirical (in 247 silico) values.
248
Simulation experiment 2: evaluation of different multi-parental crossing schemes between
249 donor and elite lines 250 We used UCPC to address the question of the best crossing scheme between a given 251 genetic resource (donor 1 , Figure 2 ), and elite lines. We identified the crossing scheme that 252 maximized the short term expected genetic gain and evaluated donor genome contributions to 253 the selected fraction of progeny. For this, we set up a simulation study where, at each iteration, 254 an elite population of 25 lines was randomly sampled out of the 57 elite lines. Further, 500
255
QTLs were sampled among monomorphic and polymorphic markers in the elite population in 256 order to conserve the frequency of monomorphic loci observed on 43,373 SNPs in the entire 257 elite population. At each iteration, 100 intra-elite two-way crosses, backcrosses, and three-way 258 crosses were randomly sampled as benchmark. Their progeny mean ( ) and progeny standard 259 deviation ( ) for the agronomic trait were predicted by Eq. 1 and 2, respectively.
260
Within each iteration, 216 donor genotypes were constructed to cover a wide spectrum of 261 donors in terms of performance and originality compared to the elite population. We defined 262 three tuning parameters that reflect the proportions of six classes of QTLs (Dudley 1984) 263 defined by the polymorphism between the donor and the elite population ( Table 2 ). All possible 264 combinations of the three tuning parameters varying from 0 to 1 with steps of 0.2 were 265 considered. For each donor, we considered the simulated agronomic trait together with the 266 donor genome contributions genome-wide ( ) and at favorable alleles ( (+)). We defined the 267 genetic gap with the elite population as the difference between donor and mean elite genetic a-c. Finally, for each type of cross (two-way, three-way and backcrosses) and each donor, we 280 identified the cross that maximized the expected genetic gain for the agronomic trait ( ).
281
Data availability 282
Simulations were based on genotypic maize data and genetic map deposited in File S4 at 283 figshare. All simulations have been realized using R coding language (R Core Team 2017).
284
RESULTS
285
Simulation experiment 1: validation of UCPC
286
Predictions from the analytical derivations (Eq. 1, 2, 4a, 4b, 5, 6a, 6b) showed a high Trait, R² = 0.900 for and R² = 0.946 for (+)). Validations for RIL and DH progeny derived 294 from more selfing generations are presented in File S2.
295
Simulation experiment 2 296
Intra-elite multi-parental crosses: a benchmark 297
Considering only the elite population generated at each iteration, the mean average 298 performance over 20 iterations was = 0.067 ± 1.009 and the mean elite standard deviation 299 was = 0.748 ± 0.107. We observed ( 308 For each simulated donor, we identified the two-way cross, three-way cross and 309 backcross that maximized the UC for the agronomic trait ( ). Those crosses are denoted as 310 best crosses in the following. We analyzed the relationship between donor contributions to the 311 selected progeny of the best crosses and the genetic gap between the donor and the mean elite 312 population ( Figure 4) 4A, 27.1% for the best two-way cross, 6.7% for the best three-way cross and 6.3% for the best wide contribution was equal to an upper bound limit ( Figure 4A , 72.6% for the best two-way 333 cross, 42.9% for the best three-way cross and 43.5% for the best backcross). 335 When the donor outperformed the elite population, the best two-way cross was more 336 likely yielding a higher genetic gain than the best three-way cross or back-cross ( Figure 5A ).
Donor genome contribution in multi-parental crosses
334
Comparison of genetic gain among multi-parental crossing schemes
337
On the contrary, when the donor underperformed the elite population, the best three-way cross 338 and backcross yielded a higher genetic gain than the best two-way cross. The higher progeny 339 standard deviation ( ) in the best two-way cross compared to the best three-way cross or 340 backcross ( Figure 5B ) did not compensate the loss in progeny mean ( ) ( Figure 5C ) in the 341 best two-way cross. For a given genetic value of the donor, its originality did not impact the 342 ranking between two-way crosses, three-way crosses and backcrosses (results not shown). A 343 similar comparison between three-way crosses and backcrosses showed that the best backcross 344 yielded similar ( Figure 5B ) but lower than the best three-way cross ( Figure 5C ), implying more than two parents to combine best alleles segregating in the breeding population.
354
Therefore, we extended derivations given by Lehermeier et al. (2017b) for two-way crosses to 355 four-way crosses by accounting for linkage disequilibrium between pairs of parental lines. We 356 validated the derived genetic variance of RIL and DH progeny of four-way crosses by 357 simulations (Figure 3 , File S2). As expected, the formula for four-way crosses reduces to the 358 one given by Lehermeier et al. (2017b) in case of two-way crosses (File S1). The results from 359 our simulations showed that, considering elite material only, three-way crosses generate on 360 average more variance than two-way crosses or backcrosses, resulting in higher genetic gain 361 (Table 3 ). Nevertheless, the best possible cross (i.e. maximizing the expected genetic gain) was 362 a two-way cross for most iterations (90%). This can be explained by the fact that crossing the 363 two best elite lines generates more genetic gain than crossing them to a third less performant 364 elite line, despite a potential gain in progeny variance. Notice that we considered only one 365 polygenic agronomic trait but three-way crosses can be more advantageous for bringing 366 complementary alleles for several traits. Under the formulated assumptions and with available 367 marker effects (see discussion below), the general formula to predict mean and variance of four-368 way cross progeny makes it possible to identify the multi-parental cross that maximizes a given can guide breeders and researchers to determine the minimal number of progeny to derive from 395 a cross between a donor and one or several elite lines so that the expected donor contribution 396 after selection can reach a targeted value.
397
Predicted genome-wide donor contribution to progeny after selection was bounded to a 398 minimum in case of the worst donor and a maximum in case of the best donor. In line with the 399 predicted distribution of parental genome contribution before selection obtained in maize by 400 Frisch and Melchinger (2007), these results show that in one selection cycle with a reasonable 401 selection intensity (e.g. 5%) it is unlikely to get completely rid of unfavorable parental alleles.
402
Parental genome contribution was bounded in selected progeny due to the low probability of 403 combining all alleles from a single parent.
404
Recommendations for donor by elites crosses 405 Using UCPC, we addressed the question of polygenic trait introgression from an inbred 406 donor to inbred elite recipients with a focus on common plant breeding crossing schemes: two-407 way, three-way and backcrosses. We assumed that the objective was to derive in one selection 408 cycle an inbred progeny that combined donor favorable alleles in a performing elite 409 background. Such progeny can be used as parental lines for new crosses in order to quickly 410 introgress new favorable alleles in a breeding program. Such a short term vision of genetic 411 resource integration can be complementary to a longer term pre-breeding approach using exotic 412 material (Bernardo 2009; Gorjanc et al. 2016; Yu et al. 2016) . As expected, donors 413 underperforming the elite population (inferior donor) yielded a higher genetic gain when 414 complemented by two elite lines in three-way crosses or by twice an elite line in backcrosses 415 rather than by a single elite line in two-way crosses. In this case, there is an advantage of 416 crossing schemes involving, on average before selection, only one fourth of the donor genome 417 instead of half of the donor genome as it would be the case for a two-way cross. On the contrary, 418 two-way crosses were more adapted to donors outperforming the elite population. If the donor 419 showed a similar performance level as the elite lines, no general rule could be drawn. In such a 420 case, we recommend to identify the best crossing scheme by predicting every potential cross 421 using the UCPC approach. As expected under a lower dilution of donor alleles into elite alleles 422 in two-way crosses compared to three-way crosses or backcrosses, the predicted genome-wide 423 donor contribution to selected progeny was higher in the best two-way cross than in the best 424 three-way cross or the best backcross ( Figure 4A ).
425
We observed for a polygenic trait that, despite a lower competition between donor and elite 426 favorable alleles, backcrosses were not significantly superior to three-way crosses for 427 maintaining higher donor contribution at favorable alleles ( Figure 4B ). In addition, backcrosses 428 generated less progeny variance ( Figure 5C ) but similar progeny mean than three-way crosses, 429 resulting in a lower genetic gain ( Figure 5A ). This observation depends on the elite population and are thus closer to material generated at the same time using two-way crosses in routine 434 breeding. For these reasons, we suggest that three-way crosses should be preferred over 435 backcrosses for polygenic trait introgression in elite germplasm. Our results support a posteriori 436 the crossing strategy adopted in the Germplasm Enhancement of Maize project (GEM, e.g.
437
Goodman 2000). In GEM, maize exotic material has been introgressed into maize elite private 438 lines using three-way crosses implying two different private partners. With the possibility to 439 efficiently predict the progeny distribution of three-way crosses (UCPC), the best crossing 440 partners can be identified to meet the targeted outcome in short time which allows to fully profit 441 of the advantages of three-way crosses.
442
Multivariate selection for agronomic traits and parental contributions 443 We observed that badly performing donors had little chance to pass their favorable 444 alleles to progeny selected for their agronomic trait performance. This is a consequence of the 445 negative covariance between the performance for the trait and donor contribution in case of an 446 inferior donor ( Figure 1C ). To prevent this loss of original alleles, we could account for such 447 tension in the multivariate context, for instance by applying a truncation on donor contribution 448 before selecting for the trait using the truncated multivariate normal theory (Horrace 2005) introgressed from a donor, an allele pyramiding strategy will be more suitable (Hospital and 493 Charcosset 1997; Charmet et al. 1999; Servin et al. 2004 ). Furthermore, the predicted cross 494 value (PCV) as recently suggested by Han et al. (2017) can be applied in this context and could 495 be extended to multi-parental crosses considering our derivation of progeny variance. 496 We presented an IBD definition of parental genome contributions using a multi-allelic 497 approach. The multi-allelic coding yields covariance matrices that are four times larger 498 compared to using a biallelic coding. In practice, to obtain a less computationally intensive 499 solution, the genotyping matrix can be reduced to a bi-allelic coding which yields an identity 500 by state (IBS) parental genome contribution that informs on the sequence similarity between 501 one parent and progeny (see File S3 ( 1 and 2 ) with elites ( 1 and 2 ) in ( 1 x 1 ) x ( 2 x 2 ) or ( 1 x 2 ) x ( 1 x 2 ).
512
Mating design optimizations, i.e. finding an optimized list of crosses to realize each year, 513 accounting for a compromise between short and long term genetic gain have been investigated 514 using two-way crosses and parental means as predictor of the expected gain and the inbreeding 515 rate in the next generation (Beukelaer et al. 2017; Gorjanc et al. 2018) . Applying UCPC within 516 the context of mating design optimization would enable to account for parental 517 complementarity through the use of progeny variation, i.e. within cross variance, as proposed 518 by Shepherd and Kinghorn (1998) , Akdemir and Sánchez (2016) and Müller et al. (2018) .
519
Furthermore, UCPC would enable to use parental contribution to the selected fraction of 520 progeny to predict the realized inbreeding in the next generation. We conjecture that 521 considering the realized parental genome contribution together with the usefulness criterion in 522 UCPC is promising for mating design optimization to manage short and long term genetic gain 523 in breeding programs. Future research will also be needed to investigate the use of multi- regarding an objective that is a function of the expected performance and the diversity in the 534 selected progeny. Illustration of the use of UCPC in the context of polygenic trait introgression 535 from a donor to elite recipients enabled to draw some major recommendations. As expected, 536 three-way crosses and backcrosses were more adapted to donors underperforming the elite 537 population (inferior donor) while two-way crosses were more adapted to donors outperforming 538 the elite population. We also suggested that three-way crosses should be preferred over 539 backcrosses for polygenic traits introgression. Furthermore, we highlighted the importance of 540 a compromise between UC and PC in case of an inferior donor. Figure 1 Illustration of Usefulness Criterion Parental Contribution (UCPC) for a two-way cross between 1 and 2 . UCPC combines (A) the concept of usefulness criterion for an agronomic trait normally distributed ( ( , )) and (B) 1 genome contribution considered as a normally distributed quantitative trait ( ( , )) in a multivariate approach (C). UCPC enables to predict the expected progeny performance for the trait ( ) and 1 genome contribution to the selected fraction on progeny ( ( ) ) that depends on the covariance , mainly driven by the difference between 1 and 2 performances.
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TABLES & FIGURES
Figure 2
Illustration of four-way crosses (left) and derived crossing schemes (right). In the general case of fourway crosses, nomenclature is defined for recombinant inbred lines (RILs) after k generations of selfing (RIL-k) from pseudo F1 generation (F1') and doubled haploid lines (DH) derived from the RIL generation k-1 (DH-k, for k > 1). RIL-1 corresponds to the pseudo F2 generation and RIL ∞ = DH ∞. Table 1 Overview of genotypic covariance between loci and for different populations derived from the F1' generation based on the disequilibrium parameter in pairs of parental lines.
a Doubled haploid (DH) lines derived after k-1 generations of selfing ( ∈ ℕ * , k = 1 for DH lines derived directly from F1') b Recombinant Inbred Lines (RIL) after k generations of selfing ( ∈ ℕ * , k = 1 for pseudo F2 generation) Φ 1 = 12 + 34 and Φ 2 = 14 + 13 + 24 + 23 ( ) = 2
(1) 1 + 2 (1) (1 − 0.5 (1 − 2 (1) ) ) Table 2 Classes of quantitative trait loci (QTL) and tuning parameters considered for simulating the donors. The favorable allele at QTL is denoted (+) and the unfavorable is denoted (-). A polymorphic QTL in the elite population is denoted (+/-).
QTL classes Elite Population Single Donor
Tuning parameters Table 3 Intra-Elite crosses predicted progeny mean ( ), progeny standard deviation ( ) and resulting expected genetic gain with a selection pressure of 5%, once averaged over all crosses ( ) and for the best cross identified ( ). For all parameters the mean (± standard deviation) over 20 iterations is given. 
File S1
Derivation of linkage disequilibrium parameter in progeny for four-way cross and specific case of two-way cross, three-way cross and backcross
Here we derive the linkage disequilibrium parameter of doubled haploid progeny derived from the 1 ' 1 generation of a four-way cross (Figure 1 S1) , while we give an extension for DH lines generated from 2 higher selfing generations and for recombinant inbred lines in File S2. The crossing scheme for a four-3 way cross visualizing parental and potential progeny haplotypes is given in Figure 1 S1 . Gametes from 4 a four-way cross with four different parents (P1, P2, P3, and P4) correspond to gametes from six 5 biparental crosses (P1xP2, P3xP4, P1xP3, P1xP4, P2xP3, P2xP4). 6
Figure 1 S1 Visualization of crossing scheme and two-locus parental as well as progeny haplotypes of a fourway cross from parents P1, P2, P3, and P4. Potential types of haplotypes are denoted with T1, T2, and T3.
To derive the entries of the Linkage Disequilibrium (LD) matrix of the progeny of the four-way cross, 7
we derive the frequencies of all different possible haplotypes. For this, three types of haplotypes can 8 be differentiated (namely, T1, T2 and T3). 9
The first type T1 corresponds to parental haplotypes, for example AB from Figure 1 S1. The frequency 10 of the haplotype AB in the parents is: 11
The frequency of AB in gametes from the cross 1 (1) × 1 (2) is: 13 ′ = 1 4 (1 − (1) ), 14 with (1) the recombination frequency and (1 − (1) ) the frequency that no recombination takes 15 place within the cross 1
(1) × 1 (2) . 16
Similarly, the frequency of AB in gametes from the cross 1 ′ × 1 ′ is: 17
As there are four different parental haplotypes, the frequency of the type T1 haplotypes is: 19
( 1 ) = ′′ + ′′ + ′′ + ′′ = (1 − (1) ) 2 (1) 20
The second type T2 corresponds to haplotypes formed by recombination in the cross 1
(1) × 1 (2) , for 21 example AD. The frequency of this haplotype in the parents is 22 = 0 23
The frequency of AD in gametes from the cross 1 (1) × 1 (2) is: 24
(1)
25
As (1) 2 is the frequency of recombinants within 1 (1) , the frequency in the whole cross is reduced by a 26 factor of 1/2. The frequency of AD in gametes from the cross 1 ′ × 1 ′ is: 27 ′′ = 1 4 (1) (1 − (1) ), 28 with (1 − (1) ) the frequency that no recombination takes place within the cross 1 ′ × 1 ′ . 29
Overall, the frequency of the type T2 haplotypes is: 30
( 2 ) = ′′ + ′′ + ′′ + ′′ = (1) (1 − (1) )
(2) 31
The third type T3 corresponds to haplotypes formed by recombination in the cross 1 ′ × 1 ′ , for 32 example AF. The frequency of these haplotypes in the parents is: 33 = 0 34
The frequency of AF in gametes from the cross 1
(1) × 1 (2) is: 35
The frequency of AF in gametes from the cross 1 ′ × 1 ′ can be calculated as: 37
Overall, the frequency of the type T3 haplotypes is: 41
( 3 ) = ′′ + ′′ + ′′ + ′′ + ′′ + ′′ + ′′ + ′′ = (1) (3) 42
All the different haplotypes and frequencies are summarized in Table 1 S1.  43 We define ℎ = (ℎ , ℎ ) a haplotype including loci and , with ℎ and ℎ the alleles of the haplotype 44 at loci and , ℎ , ℎ ∈ {0,1}. Using the frequencies of the three types of haplotypes, we derive the LD 45 in the progeny between locus and as: 46 , (4) 49 where and denotes realizations of ℎ and ℎ .respectively. 50
For the conditional haplotype probabilities it holds: 51
with | | the number of haplotypes of type , = ( , ) a haplotype of type , == ( == ) 53
an indicator equal to 1 if = ( = ) and 0 otherwise. 54
For the allele frequencies it holds: 55
Table 1 S1 Different haplotype types, their frequency in the parents (G0), after the first cross (G1), after the second cross (G2) and the Linkage Disequilibrium (LD) in G2. For sake of clarity, we abbreviate in the following == with , == with and accordingly for 63 the rest (C, D, E, F, G, H). Then we can reform the LD in the progeny as a function of the recombination 64 frequency
(1) and the LD among two parents between loci and : 65 = ∑ (ℎ = ( , )| ) ( ) − (ℎ = ) (ℎ = ) (1 − 2 (1) ) [Φ 2 + (1 − 2 (1) ) Φ 1 ] (5) 98 with Φ 1 = 12 + 34 summing the LD values among parents that can be considered to be involved 99 as biparental crosses in 1
(1) × 1 (2) and with Φ 2 = 13 + 14 + 23 + 24 summing the LD values 100 among parents that can be considered to be involved as biparental crosses in 1 ′ × 1 ′ . 101
The linkage disequilibrium parameter Φ 1 and Φ 2 and equation (5) can be simplified in the case of two-102 way, three-way and backcrosses (Table 2 S1). For two-way crosses we arrive at the same variance 103 covariance matrix elements Σ as given by Lehermeier et al. (2017) . 104 File S2
Validation of four-way cross formulas for DH-and RIL-and evolution of RIL variance depending on selfing generations
In File S1, we considered DH lines generated from F1' (DH-1), i.e., only two meioses took place. 1 Progeny variance for DH-1 is expressed in terms of parental expected recombination frequency (1) 2 (Table 2 S1). For recombinant inbred lines (RILs) or when DH lines are generated from higher selfing 3 generations, the expected frequency of recombinants increases depending on the number of selfing 4 generations. In the following denotes the generation from which progeny are derived (Figure 1) . The 5 expected frequency of recombinants in generation can be derived from the genotype probabilities 6 given in Broman (2012) as done in File S1 of Lehermeier et al. (2017) . Hence, for DH lines after 7 generations, (1) in Table 2 S1 should then be replaced by ( ) , leading to the general four-way DH-8 formula as shown in Table 1 : 9 ( ) = 2 (1) 1 + 2 (1) (1 − 0.5 (1 − 2 (1) ) ) , ∀ ∈ ℕ * 10
In case of RILs, no doubling of gametes takes place and the covariance for RILs after generation is 11 obtained by updating ( ) by ( ) + 0.5 [0.5(1 − 2 (1) )] , ∀ ∈ ℕ * ( can be explained by sampling bias in in silico simulations (50,000 progenies) where the 1 parental 19 genome contribution before selection slightly differed from the expected value of 0.25 for four way 20 crosses (ranging from 0.249 to 0.251). Predicted RIL progeny variance for the simulated agronomic trait increased with the number of selfing 23 generations considered ( ) and converged toward DH progeny variance after five generations of selfing 24 ( = 5) (Figure 1 S2) . We observed that some crosses profited more from an increase in selfing 25 generations by generating more variance compared to others. An example with two crosses is shown 26 in Figure 2 S2. While the cross visualized in blue showed a higher variance in generation RIL-1 than the 27 cross visualized in orange, it reached a plateau faster and showed a lower variance than the orange 28 cross with ≥ 3. Differences in the speed to release variance between crosses is likely due to 29 differences in the recombination frequency between segregating QTLs in parental lines. This 30 underlines the interest of predicting RIL progeny variance using proposed algebraic formula. 31 
File S3
Comparison of IBD parental contribution variance with Frisch and Melchinger (2007) and simplification to IBS contribution
We used an algebraic formula to predict the variance of 1 genome contribution in doubled haploid 1 progeny derived from F1' plants. We considered two-way crosses DH-1 (called (F1)-DH) and 2 backcrosses DH-1 (called (BC1)-DH) and compared our results with the results given by Frisch and 3 Melchinger (2007) . We considered one chromosome of 100cM for which Frisch and Melchinger (2007) 4 derived a variance of parental contribution of 0.1419 for (F1)-DH and 0.0945 for (BC1)-DH. We varied 5 the number of loci used in our approach and for each, we ran ten independent samplings of loci. We 6 observed that the results from our approach converged with increasing number of loci to the solution 7
given by Frisch and Melchinger (2007) (Figure 1 S3) . 8
Figure 1 S3
Average parental genome contribution variance (black dots) for (BC1)-DH (left) and (F1)-DH (right) from ten simulation replications (+/-standard deviation represented by black vertical lines) with different number of considered loci. Red dotted line shows the results given by Frisch and Melchinger (2007). In cases where the origin of the allele is not of interest and an identical by state (IBS) similarity between 9 progeny and parental lines is sufficient, the multi-allelic coding can be simplified to a biallelic coding. 
